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Chapter 1

Introduction

The development of materials that simulate the relevant electromagnetic properties of
the human body is crucial to studies of low-frequency electromagnetic interaction with
the body,as well as health effects of microwaves and interaction of wireless transmitters
with human tissue [1]. When such materials are used as phantoms, standardized meth-
ods for evaluating and assessing the interaction of personal medical electronic devices
(PMEDs) and metal weapons with magnetic fields generated by hand-held (HH) and
walk-through (WT) metal detectors can also be developed and improved. A review
of various phantom materials previously developed for use at low RF frequencies has
been given by Baker- Jarvis, Kaiser, Janezic, Paulter and Stricklett [1]. Some of these
phantom materials are based on liquids and salts or various gelling agents and salts. Di-
electric liquids generally work well at low frequencies because mobile ions from the salts
can mimic the dielectric loss characteristics of human tissue. Examples of low-frequency
conductivity data for various human tissues are shown in Fig. 1.1.

Semi-solid materials, however, have several advantages over liquids in that they
allow test objects to be permanently embedded or encapsulated at particular positions.
The use of semi-solid phantom materials that simulate the electromagnetic properties
of the human body over the frequency range at which metal detectors operate allows
standardized testing for HH and WT metal sensors designed for detecting metal objects
concealed within human body cavities.

One semi-solid composite that can potentially be used for phantom materials is a
carbon-black loaded polymer. Carbon black is commonly chosen for its electrical con-
ductivity and low cost, and the electrical conductivity of a polymer can be greatly
adjusted and improved by incorporating carbon-black powders. Understanding the
mechanisms of conduction and electromagnetic wave propagation is critical to the de-
velopment of these composite materials in phantoms that simulate the human body.
A complicating factor generally not taken into account in predictive dielectric mixing
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rules [3] is that carbon black may also form conducting clusters that depend on the
total loading. The existence of carbon-black clusters affects the threshold level at which
percolation occurs. A knowledge of how the volume fraction of the clusters depends
on the carbon-black loading in the polymer and how, in turn, the electric properties
of the composite phantom material depend on the topological structure of the clusters
is important. The development of appropriate electromagnetic models that account
for connective clustering of conductive inclusions in a dielectric medium permits pre-
dictive understanding of the electrical properties of carbon black-loaded polymers and
optimizes the fabrication process of acceptable phantom composite materials.

In general, the effective electrical properties of an inhomogeneous medium that is
comprised of particles of one substance embedded in a continuum of a different material
is a complicated function of the permittivities and conductivities of the constituents, the
particle shape and size distributions, the volume loading, and the spatial arrangement of
the distributions. The loading constituent may take the form of small spheres, ellipsoids,
platelets, rods, or other shapes. The bulk properties of the composite will also depend on
the alignment of the loading particles and therefore may be dielectrically or magnetically
anisotropic. In addition, the bulk properties of the composite will generally not be
a symmetric function of the volume-fraction of the matrix and filler. When any of
these parameters have nonzero variance, the predictive theoretical problem becomes
very difficult to solve. Permittivities and conductivities of disordered suspensions are
difficult to handle, even when the suspended particles are spheres with a uniform size
distribution.

If the composite medium is electrically isotropic in nature, the well-known Clausius-
Mossotti approximation may be utilized, provided that only dipole interactions are
present. For regular particle array suspensions, the assumption of dipole interactions
is usually valid only in the limiting case of low volumetric loading. Higher multipole
interactions between the loading particles become more important when the particles ap-
proach contact, so that the Clausius-Mossotti approximation breaks down under higher
volumetric loading conditions. When there are random or disordered distributions,
higher multipole interactions can occur with any volumetric loading and must be con-
sidered. These higher-order multipole interactions depend inversely on increasing powers
of the interparticle distance and can often be observed as a strong nonlinear dependence
of the effective permittivity or conductivity when plotted as a function of the volumetric
filling factor.

In this report we review the general effective permittivities predicted by the theo-
retical models of Clausius-Mossotti, Lorentz-Lorenz, Maxwell-Garnett and Bruggeman,
highlighting some of their fundamental differences. We then consider the adaptation
of the Clausius-Mossotti, Bruggeman, and Maxwell-Garnett rules to effective media in
which the particle-size distribution has negligible variance, but in which aggregates or
local clusters can form where local contact exists between the loading particles. These



models have application to conductive carbon particle and insulating polymer compos-
ites, which are currently being tested for use in human phantoms. Lastly, we compare
the adapted aggregate forms of the Clausius-Mossotti, Bruggeman, and Maxwell-Garnet
theoretical effective permittivity predictions with room-temperature laboratory dielec-
tric data obtained on carbon-silicone composites.



Chapter 2

Lorentz-Lorenz,
Clausius-Mossotti,
Maxwell-Garnett, and
Bruggeman Effective Medium
Formulations

2.1 Lorentz-Lorenz and Clausius-Mossotti Relations

The Lorentz-Lorenz relation [4-6] is given by

!

=p=-mNa, (2.1)
!
eeff+2 3

which relates the effective permittivity €, £f and the polarization § of a spherical sample
of the medium to the number density N of a suspension of point dipoles, and the
polarizability « of each dipole. The Lorentz-Lorenz relation was essentially developed
to describe point polarizable dipole particles embedded in vacuum. If the polarization of
a spherical sample of the medium expressed by eq (2.1) is equated to the volume filling
factor v of a distribution of metal spheres having individual isolated polarizabilities
a = R3, eq (2.1) reduces to the Clausius-Mossotti relation,
€, 1 4

€y +2 f=gmNa=v (2:2)

Equation (2.2) relates the polarization S to the in situ dipole polarizability o and dipole
number density, which is related to the macroscopic permittivity of a spherical sample.



If v includes the effects of all higher-order multipole interactions, eq (2.2) could be used
to calculate the eract permittivity. However, this has seldom been accomplished for
atomic or molecular dipoles, since so few higher-order atomic multipole polarizabilities
are known. We see that the well-known Lorentz “catastrophe” occurs when the number
density is such that 47 Na/3 = 1, for which a singularity in permittivity occurs, where
permittivity rapidly increases. Similarly, the Clausius-Mossotti relation erroneously
predicts that there is a permittivity singularity when v = 1. However, equal-sized
spheres can never meet this condition nor can they completely fill space. Generally,
the Lorentz catastrophe is prevented by a conductive transition which occurs when any
collection of conducting spheres begin to touch each other. The maximum packing
density of a suspension of spheres of equal size depends upon their spatial arrangement.
For cubic lattices the maximum possible volume filling factors v, are 0.52, 0.68, and 0.74,
for sc, bee, and fec lattices, respectively. For random packing of equal- sized spheres,
the maximum possible volume filling factor is v, = 0.63 [7,8].

All regular or random or disordered distributions undergo a conductive transition
when spherical loading particles make contact. In disordered carbon suspensions in a
silicone matrix, we usually have no detailed control over interparticle carbon spacings.
In this case, disordered samples contain local conductive regions (particle aggregates or
clusters) where the critical loading density has been reached, and other nonconductive
or dielectric regions with lower particle densities. At any filling factor below the critical
value, a disordered system acts like a mixture of dielectric regions and conductive par-
ticle aggregates. Suspensions of dispersed particles both with no aggregates or clusters
forming and with clusters forming are shown in Figures 2.1 and 2.2. With increasing
volume filling factors, the conductive aggregates grow at the expense of the dielectric
regions. Hence, in contrast with the behavior or regular arrays of ordered suspensions,
conduction in disordered suspensions occurs at different times in different regions of the
sample and the dielectric anomaly is spread over an entire range of filling factors below
ve. A critical filling factor still occurs at v, though, when the entire suspension exhibits
a polarization anomaly. The Clausius-Mossotti equation for a suspension of spheres of
two constituents is given by

ﬁleff_l_ 6'1—1 6'2—1

+ v

—y , 2.3
e;ff—l—Q 16'1—|—2 €h+2 (2:3)

where €, = €cfr/€0, € = €1/€9, and €, = €2/€g are respectively the relative permittiv-
ities of the suspension and the two particle types with respect to the permittivity eg of
free space (8.854 x 10712 F/m); the volume fractions of the two particles are given by
v1 and vs.
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Figure 2.1: Disordered suspension of carbon particles in a silicone matrix host phase
where no aggregates of the carbon particles exist.
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Figure 2.2: Disordered suspension of carbon particles in a silicone matrix where aggre-
gates of the carbon particles exist.



2.2 Maxwell-Garnett and Bruggeman Relations

The Maxwell-Garnett effective medium approximation differs from the Clausius-Mossotti
relation in that the inclusions are in a matrix background other than vacuum. For a
two-phase composite, the Maxwell-Garnett approximation is given by [9],

! !
Ceff “m _ €~ €m
=" )
/! ! ! !
€opf T 26m, €1 + 26,

(2.4)

where € = €,,/¢€y is the relative permittivity of the matrix (host), €} is the relative
permittivity of the dispersed phase, and v; is the volume fraction of the dispersed
phase. The Maxwell-Garnett rule works fairly well if the dispersed phase inclusions
make up a small fraction of the total volume. Note that the Maxwell-Garnett rule is
not symmetric; that is, different effective permittivities are obtained when the roles of
the matrix host and particle inclusions are interchanged, even if the volume fractions
remain the same. We may write the effective permittivity of the composite for this
topology as

oo~ tmla(+20) + 26, (1 — 1))
s er(l —v1) + 6,2+ )

(2.5)

The Maxwell-Garnett dielectric mixing rule requires that

e the size of dispersed particles are much smaller than both the electromagnetic
wavelength and the skin depth within the particle material

e a dilute suspension of spherical (carbon) particles in a continuous host matrix
(silicone)

Where there is significant aggregation or clustering of carbon particles, especially for
dense composites, the Maxwell-Garnett model, although convenient, becomes inappro-
priate.

The Clausius-Mossotti approximation cannot be employed for mixtures of two con-
stituents when the topology of the composite consists of an intermingling of many
small, irregularly shaped regions having different complex permittivities. In this case,
Bruggeman [10] proposed making the properties of the matrix or host the same as the
effective medium itself and derived the following two-phase composite effective medium
formulation for spherical elements,

el —e e, — €
L Ly, 2 Al (2.6)
€1+ 2€.5¢ €5+ €,y

where Vi and Vs are respectively the volume fractions occupied by phases of media 1
and 2. The Bruggeman model is a symmetric formulation, and the solution for the
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effective permittivity for a two-phase composite leads to the solution of the following
quadratic,

eres + [€1(2V — Vo) + €5(2Va — V7)] 6’eff — 2(e;ff)2 = 0. (2.7)
Implicit to the Bruggeman topological model [10] is that

o the suspended inclusions are distributed randomly;

e all suspended inclusions are very small compared with the size of the composite
(and very large compared with atomic sizes);

e inclusions of the same type (material, size, form) are present in very large numbers
and phases are very close together with negligible interstices;

e the composite consists of homogeneous and isotropic elements of two materials;
and

e no embedding of one phase within the other is allowed.

One limitation of the Bruggeman formulation, as presently posed, is that it cannot be
applied to a monodisperse suspension of spherical elements because such a suspension
cannot fill all sample space, even for closest-packing densities.

The Lorentz-Lorenz, Maxwell-Garnett, and Bruggeman topological models are spe-
cial cases of an n-phase mixture rule of the form

e — € el — ¢ el — ¢ ]

/eff 277 =N /1 277 T /2 277 totn /n 2777 (2.8)

eeff—i— €m, €1 + 2¢,, €y + 2¢,, €, + 2¢,,
where e’ef £ e, represent the relative permittivities for the effective medium and host
medium, and €], €5, -+, €, represent the permittivities for suspended inclusions of types
1,2,---,n. The factors vy, s, - - -, 1, denote the respective volume fractions of inclusions
1,2,---,n. The spherical inclusion geometry, which has minimum dipole moment and

depolarization, are common to the Lorentz-Lorenz, Maxwell-Garnett, and Bruggeman
models.

2.3 Modified Clausius-Mossotti Relation for Penetrable or
Nonpenetrable Dispersed Particles
A modified Clausius-Mossotti derivation is given in [9,11], in which spherical dispersed

particles of radius a, having arbitrary complex permittivity €, = e;(l — tandgp), and
magnetic permeability s, = p;,(1 — tan d,, ), are distributed on a uniform cubic lattice

11
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Figure 2.3: Uniform lattice of dispersed dielectric permeable spheres in a dielectric
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with distance d between centers in a host medium that has arbitrary complex permit-
tivity €}, = €),,(1 — tande,,), and complex permeability pf = p) (1 — tandy, ). (See
Fig. 2.3.) In the derivation, general excitation of electric and magnetic dipole sources in
the composite are considered and represented in terms of Hertz vectors. The scattered
re-radiated fields from all the spherical particles are taken into account, which allows
for the examination of structural resonant effects (higher-order multipole interactions)
between the dispersed inclusions. When the radii of the spherical loading particles
become small relative to the host matrix propagation constant (| ke |< 1, where
km = wy/pi€es, and w = 27 f is angular frequency), the dominant contributions to the
electric and magnetic fields are those from the induced electric and magnetic dipoles, re-
spectively. This simplifies the formulation of the field components in the composite. In
the analysis, an electromagnetic plane wave of unit amplitude and e/ time dependence
and with electric field polarized in the a-direction and propagating in the z-direction is
considered to be incident upon the matrix loaded with spherical particles. Boundary
conditions that must be satisfied are the continuity of the normal electric displacement
field and normal magnetic induction field, as well as the tangential electric and mag-
netic field components at the surface of a spherical loading particle. Application of
these boundary conditions to the electric and magnetic field components, as expressed
in spherical coordinates, yields two coupled integral equations for the total z-directed
electric and y-directed magnetic fields at any point (x,y, 2):

. € ~€m
Et — —jkmz Et @.p / L 4
t(2) e HVE(2) +26 3 +2e o)
Fom\ & grt Mi —jkm|w—2]g 2.9
+ (Efn) y(w)ﬂz,p"‘zl‘;ﬁn aw)e w (2.9)
and
e, o — k3 oo ok — ok
Hi(z) = (S2)se~itm L ymHl(s )”’7——V/ (kP Hy (w)
v Lo, Bop 200 2 o T 20, Y
E;kn I EZp—an 0 jlm |w—2z|
fm\ip Cap T Em oJkm d 2.10
+ GaiE () g S (210)

In egs (2.9) and (2.10), v = 47ra3/(3d3) is the volumetric loading of the dispersed parti-
cles, and € , and py , are the apparent complex permittivity and complex permeability
of the dispersed particles which are related to the true complex permittivity and true
complex permeability by a complex penetration factor G(kpa); i.e., €, , = G(kpa)e, and
py = G(kpa)p,, where

sin(kpa) — kpa cos(kpa)

Glkya) = 2kpa cos(kpa) + (k3a* — 1) sin(kya) (2.11)

13



and ky = w,/pye;. Note that the function modifying the true particle inclusion complex

permittivity and permeability is oscillatory and modulates the effective complex electri-
cal and magnetic properties of the composite in a non-obvious manner. The penetration
function G(kpa) is shown as a function of the modulus | kya | in Fig. 2.4. We see that,
for various values of | kya |, peculiar structural resonant effects are evident in which
the effective electrical properties of the composite are not bounded by the individual
constituent properties of that composite. The three terms on the right side of eqs (2.9)
and (2.10) may be identified as the incident field at z, the scattered field from a spher-
ical particle at the point z, and the scattered field from all the other particles. If the
coupled integral equations (2.9) and (2.10) are solved for the effective propagation con-
stant and effective impedance, we obtain the following expression for effective complex
permittivity,

v(e; ., —er)
PP ] ap_m 2.12
Eeff em + Gz,p(l _ I/) +€,;kn(2+l/) ( )

Formally, eq (2.12) is at least consistent and correct in the dilute and dense dispersed
suspension extremes. For no loading, v = 0 and €, fF= €r,- When there is vanishing host
matrix material, v ~ 1 and | kpa [> 1, so that €;;; = ¢;. Although this model intrin-
sically accounts for higher-order multipole interactions between the dispersed inclusion
particles, it is restricted to inclusion sizes that are small relative to a wavelength in the
host matrix and to ordered suspension topologies that are uniform and non-percolating.
Its application to composites, where local aggregates or conductive clusters can form
together with dispersed suspensions, is questionable.

14
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Figure 2.4: Penetration function illustrating effects of particle inclusion size relative to
particle inclusion wavenumber on effective electrical properties of composite.
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Chapter 3

Effective-Medium Formulations
with Local Particle Aggregates

3.1 Clausius-Mossotti Adaptation to Aggregate Model

The Clausius-Mossotti equation for a suspension of spheres having two differing con-
stitutive electric properties is given in eq (2.3). This equation is valid for topologies
involving ordered island- or cermet-type suspensions. For the Clausius-Mossotti model,
the total volume v of all particles present is given by

vV =11 + 3, (31)

and is [ess than the sample volume except when all particles are in aggregates or clusters
and the aggregates fill all space. In the latter case, the suspension as a whole would be
randomly close-packed. To adapt the “island” topology of the Clausius-Mossotti model
to one that includes the formation of aggregates, we define x as being equal to the total
conductive particle volume fraction and x; and x5 representing the conductive particle
volume fractions in isolated spheres and aggregates, respectively. We then have

x = x1 + 2. (3.2)
If the fraction of the conductor content in the aggregates is denoted by f, then
z1=1-flz, @m2=fax. (3.3)

We now note that within each isolated spherical inclusion, the volume fraction is unity,
whereas the compact aggregates are have a conductor volume fraction equal to the close-
packing limit z.. Hence the volume fractions of the isolated spheres and the aggregates
may be written as

= (1-Fflz, 1n=fol/z). (3.4)
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The Clausius-Mossotti adaptation to a model that includes both dispersed sphere and
aggregate topologies is then [12]

e .. —1 r_1 r_1
fff+2 = V1€[1+2+V2612+2
! !
e —1 1>e2—1
= (1- — . 3.5
( f)xe'1+2+fx<xc eh + 2 (3.5)

In order to use eq (3.5) we must either know or make a reasonable statistical assumption
about the aggregate fraction f in relation to the total conductor volume fraction xz and
the close-packing limit z.. For z =0, f = 0 and for x = z., f = 1. If we assume a
linear relation between these two limits, e.g., f = z/x., we have

ele -1 l_l 2/_1
11 - <1—£>x€1 +<£> 9= - (3.6)

€opp T2 z.) € +2 z.) €h+2
Solving for €,
€= gg:f‘ﬂj, (3.7)

where
Ne oy = 22(é) +2)(ey +2) — 227 [€) (eh(we — 1) + 23, + 1) — e (e +2) — 2(w. — 1)]

—2222(1 — €))(eh +2) (3.8)
and
Dc oy = z2(e) +2)(ehy +2) + 22 [ (eh(ze — 1) + 22, + 1) — eh(xe +2) — 2(ze — 1)]

Ha2x(1 — €))(ey + 2). (3.9)

If we treat both €] and € as large relative to unity in eq (3.5), we may write

= (1= P+ o

—). 3.10
e’eff—i-Q :L‘C) ( )

Again, for well-stirred samples, f = 0 at = 0 and f = 1 at * = z., so that, with

f :x/xm

Cesg — 1 _ wlelta(e—1)]
€ppt2 x2
1
- m{l-{—ﬁ(——l)}. (3.11)
Te \T¢
Hence 5
3z

Ler = = — 2. 3.12
Ceff 22 (xe — 1) —22(x — 1) (312)
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3.2 Bruggeman Adaptation to Aggregate Model

The Bruggeman relation for a 2-phase medium composed of spherical elements is

el —¢€ e, — ¢
vttt 2T Ceps

= 0. 3.13
€1+ 26, 2612+26:?ff (3:13)

The volume fractions V; and V5 differ from v and vs since they apply to suspensions
of different topologies. Because an implicit assumption of the Bruggeman model is that
the phases are very close together with negligible interstices, the sum of the volumes
must fill the sample volume so that

Vi=1-Vs. (3.14)

The Bruggeman model is clearly not applicable to a monodisperse suspension of spher-
ical elements, since such a suspension cannot fill sample volume space, even at closest
packing density. An artifact of the Bruggeman model is to use a heterodisperse set
of suspensions of ever smaller spheres so that, in the limit, all sample volume space
is filled. This is not a useful artifact to employ when we are dealing with an actual
monodisperse suspension of spheres. Our suspension consists of monodisperse isolated
conductive spheres and compact conductive aggregates of spheres. The aggregates are
not necessarily spherical in themselves, but may form irregular conductive regions that
are intermingled with similarly irregular dielectric regions containing the remaining un-
clustered spheres (see Fig. 2.2). However, both the dielectric insulating and conductive
regions individually do satisfy the assumptions of the Bruggeman’s model. Hence we
can treat regions 1 and 2 of the (effective) suspension as an intermingled mixture of
dielectric (region 1) and conductor (region 2) phases. The aggregate fraction will still
be f and the critical volume fraction for closest random packing will still be z.. Instead
of being the volume fractions of particle types 1 and 2, as in the Clausius-Mossotti
model, the V; and V5 in the adapted Bruggeman model will be taken as region volume
fractions. In this case, we still have

ry = (1 - f)xv Iz = fxv (315)

and
o = fax = xVa, (3.16)

as long as f is the aggregate or clustered volume fraction and xz. represents the close-
packed volume fraction of the conductive phase in terms of actual conductor volume
fraction. From eq (3.4),

Vo = fa (—> (3.17)



Because the conductor phase is close-packed, v5 = V5. However, the dielectric phase is
not close-packed, so that vy # Vi; rather, from eq (3.14),

1
Vi = 1 fo (-) . (3.18)
L
Because we are using the Bruggeman model to model the regions of conductive dispersed
and clustered phases , we require the actual conductor volume fraction in region 1
relative to the volume of region 1. From eq (3.18) this is
T1 (1= f)z
m;“egionl =1 T 1 o1\ (319)
Vi 1-fz(l/z)
Equation (3.19) may then be used in the (island) Clausius-Mossotti relation to determine
the effective permittivity of the unclustered dielectric region 1, after which the Brugge-
man relation is applied to both regions 1 and 2 to determine the effective permittivity
of the composite. The effective permittivity of region 1 is then given by
32! iont
ngf,regionl =1+ 1_7'%‘ (320)
xregionl
If eq (3.20) is used in eq (3.13), a rather complex quintic polynomial results when at-
tempting to solve for the effective permittivity in terms of €,. However, this equation
simplifies considerably when the permittivity €} is large relative to unity. The Brugge-
man relation simplifies to

(1 - f%)(daff,regionl - 6iaff) T _
I ; + f_ — 0, (321)
6eff,regionl + 26€ff Te
yielding
/

' €ef fregionl
_ Cettregiont 3.22
Cff T 3z/x. (322

3.3 Maxwell-Garnett Adaptation to Aggregate Model

The Maxwell-Garnett mixing rule, given in eq (2.4), is also known as the Rayleigh mizing
formula [13]. The Rayleigh rule does not contain information about an individual scat-
terer; rather, only the volume fraction 17 of the inclusion phase and the permittivities
of the inclusion phase €] and host €, appear in the mixing rule.

The Maxwell-Garnett mixing formula yields eq (2.5) for the effective permittivity of
the composite, which may be written in the following form:

€1~ €m
] ! / ry?
€ +26m - 1/1(61 _em)

(3.23)

ef?ff = 6;71 + 31/1€l7n
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or ,
S
6’
- 7 . 3.24
G (3:24)

7
Em

¢
eff _ 1431y 7

/
€m e’_1+2_l/1(
m

We note that, when v; — 0, the effective permittivity reduces to that of the matrix,
and when v; — 1, the effective permittivity reduces to that of the inclusion phase. The
only way that the condition 14 =~ 1 can be achieved, however, is that a polydisperse
suspension of spherical inclusions be permitted. Sihvola [3] gives useful insight into the
average electric fields internal and external to spherical inclusions and their relation
to the Maxwell-Garnett rule by defining the effective macroscopic permittivity of a 2-
phase composite as a constant relating the volume-averaged electric field < E > and
displacement field flux density < D >; that is,

where € = e, ¢(1 — jtandeysy), eg sy is the effective real permittivity, and tandeyy is
the effective dielectric loss tangent. The average electric field and displacement flux
density are then written in terms of the corresponding volume fractions and the electric
fields internal, E;, and external, E., to the inclusions:

<E>= fE; + (1 - f)E. (3.26)

and
<D >=fgE; + (1 — f)eEe, (3.27)

where ¢; and €. are the complex permittivities of the inclusions and the matrix host.
From eqs (3.26) and (3.27),

<D>
<E>
ffi%'i_(l_f)ee
= o . 3.28
fE+ (=) (32

For spherical, isotropic inclusions, only an equivalent dipole source exists for each in-
clusion, and the polarizability is a scalar that does not depend on the direction of the
electric field, but only on its amplitude. If we assume for this case that the ratio between
the internal electric field and external electric field is approximately the same as the
quasi-static case, Sihvola [3] has shown that

|E;| _ 3¢
|Ee| € +268'

(3.29)
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Direct substitution of eq (3.29) into eq (3.28) yields

€ — €e
€ + 2€c — f(ez - 68)

€eff =€+ 3f€e , (3.30)

which is identical to the Maxwell-Garnett mixing formula, eq (3.23).

We may now adapt the Maxwell-Garnett mixing rule using the same technique as
performed with the Bruggeman and Clausius-Mossotti topologies. This is done by as-
suming that the effective permittivity of the carbon-clustered region may be adequately
given by a carbon host phase with silicone inclusions, where the volume fraction of
the carbon in the clusters is the Bernal maximum random-packing limit for equal-sized
spherical inclusions. In the unclustered region, the Maxwell-Garnett rule is used with
the opposite topology. Then a composite permittivity is given by

e Vicier + Vacoea + Vseses
eff = Vier + Vacs + Vses

(3.31)

where Vi = 1 — 2(1 — x/x.) — (z/z.)%, Vo = (1 — 2/2.), V3 = (z/7:)?, c1 = 1/3,
co = €1/(2€1 + €2), cs3 = €1/(2¢1 + €3), = is the total volume fraction of carbon, and
Z, = 0.63 is the maximum volume filling factor. With the Maxwell-Garnett rule, the
permittivity of the carbon cluster region with a carbon host and silicone inclusions is
given by

o = e1le1(3 — 2z.) + 213062]' (3.32)

[zce1 + €2(3 — x.)]

In Fig. 3.1 the respective volume fractions V;, Vo, and V3 for the host silicone, the
unclustered carbon, and the clustered carbon are illustrated as a function of total volume
fraction of the carbon in the composite. These volume fractions are plotted using the
packing fraction limit of 0.63 for randomly organized spheres.
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Figure 3.1: Volume fractions of host silicone, unclustered carbon, and clustered carbon
in composite as function of total volume fraction of carbon in composite.
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Chapter 4

Measurements and Theory

The conductivities and permittivities of carbon black-loaded polymer composites were
measured at frequencies from 1000 Hz to 1 MHz with an open-circuit coaxial holder.
This fixture consists of an open-circuited 14 mm coaxial line with the center conductor
shorter than the outer-conductor shield. The shielded open-circuited holder is quite
useful for measuring the dielectric properties of powders, liquids, and semisolids because
of the ease of sample insertion. Previous dielectric measurements performed using the
shielded open-circuited sample holder are described in the literature [14-22]. A rigorous
treatment of the fringing capacitance at the open-circuited termination has been given in
[1]. The reflection coefficient of the transmission line was measured using an automatic
network analyzer. Alternatively, the line capacitance and conductance were measured
using an LCR meter.

Spherical carbon black pearls, having individual particle sizes of 12 nm, were me-
chanically stirred with silicone, and temperature annealing was required to stabilize the
carbon-black silicone composite [1]. A study of how percolation at thermodynamic equi-
librium is correlated to dynamic percolation under differing experimental temperatures
and annealing times in carbon-black- filled polymer composites has been given by Wu,
Asai, Zhang, Miura, and Sumita [23]. Real relative permittivity and conductivity data
of this composite at 800 kHz for various volume fraction carbon loading are shown in
Figs. 4.1 and 4.2. Both the real permittivity and conductivity increase rapidly when
the carbon volume fraction exceeds 0.2, which is a volume fraction well below the close-
packing limit. The predicted normalized composite permittivity from the well stirred
Clausius-Mossotti cluster model and the Bruggeman cluster model as a function of car-
bon loading are compared in Fig. 4.3. The Maxwell-Garnett adaptation that accounts
for aggregation or clustering of conductor particles in a conductor-insulator composite
has a percolation threshold similar to that of the Clausius-Mossotti aggregate model.
This can be seen in Fig. 4.4, where calculated real permittivities of carbon black-loaded
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Figure 4.1: Real relative permittivity of carbon black pearl and silicone composites as
a function of carbon loading. Frequency and temperature are 800 kHz and 22 °C. After
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Figure 4.3: Normalized composite real permittivity (or normalized composite conduc-
tivity) as a function of conductor-particle volume loading x for differing disordered
suspensions. The solid line is the reduced permittivity (or conductivity) given by the
Clausius-Mossotti aggregate model, reflecting well stirred composite samples, with clus-
ter fraction f = x/x.. The dashed line is the normalized real permittivity (or normalized
conductivity) given by the Bruggeman aggregate cluster model, with cluster fraction
f = 1. All calculations use Bernal’s experimental value for random closest packing of
spherical particles, . = 0.63. Note that the percolation threshold for the Clausius-
Mossotti aggregate model occurs where z = x. = 0.63, whereas for the Bruggeman
aggregate model, the percolation threshold occurs well below the close-packing limit at
r=2x./3 =0.21.
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silicone composites using the Maxwell-Garnett aggregate model (eq (3.30)) are shown
as a function of total volumetric carbon loading. The Bruggeman aggregate predictive
model, showing the normalized permittivity (or conductivity) as a function of carbon
loading for differing parametric cluster fractions, is given in Figs. 4.5 and 4.6. The same
percolation threshold is evident for all total volumetric metal particle loadings, but the
normalized permittivities or conductivities can vary with carbon loading at values below
the percolation threshold, depending on the cluster volume fraction.

Comparison of these predictive model considerations, which incorporate aggregates
or localized clusters of the conductor (carbon) loading particles, indicate that the
adapted Bruggeman aggregate model appears to best fit our laboratory data on the
composite phantom materials, as presently fabricated (where percolation begins well
below the close-packing limit). A range of carbon black loading 0 < z < 0.15 in the sil-
icone provides a suitable conductivity range for phantom materials that would simulate
most body tissues (see Fig. 1.1) so that we can, in principle, simulate all human body
tissues with various carbon black-loaded silicone composites. Better reproducibility of
the low-frequency electrical properties of the carbon black-loaded silicone composites
could be obtained by forcing the percolation threshold to occur at higher carbon volu-
metric loadings near the close-packing limit. This type of carbon suspension topology
requires well-stirred sample fabrication.
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Figure 4.4: Predicted real permittivity of carbon black-loaded silicone composite with
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Chapter 5

Conductivity Temperature
Dependence of Carbon

Black-Filled Polymers

Polarization processes occurring in materials can be strong functions of both frequency
f and absolute temperature T' (K). The dependence of conductivity on frequency for
various carbon black-loaded silicone composites that are useful for simulating biologic
phantom materials has been reported previously from 1000 Hz to 1 MHz [1]. The room-
temperature experimental conductivity data demonstrate little frequency dependence
over the frequency range of most metal detection systems, which is an important crite-
rion when selecting phantom biologic models to be used for assessing the sensitivity of
metal detectors.

5.1 General Effect of Temperature Changes

In order to gain insight into temperature-dependent variations of the effective complex
dielectric permittivity over the frequency range where dipolar or orientation phenomena
occur, we can usefully consider concepts borrowed from statistical thermodynamics [24].
If the polarizability of a material at a given temperature and under the influence of a
time-varying electric field can be related to the known (measured) activation energy
U of that material, then we can derive a method for predicting the dielectric behavior
of that material as a function of temperature. Of course, this predictive ability will
be constrained by the assumptions implicit in the physical model and must be vali-
dated by measurements of the dielectric permittivity and conductivity as a function of
temperature.

Consider a bistable model of an elementary dipole within a dielectric whose molecular

31



'POTENTIAL ENERGY |

N _— \
A _ ! R Y
N\ /! | hgdE
| A\ .’_ - N
. I/ZQCIE\ ‘ )’ — d ' l

Distance

Figure 5.1: Potential energy of a bistable model having two minima, depicted by states
1 and 2. The depths of these minima are modified by an applied electric field, and
charged particles can occupy either state [26].

groupings can be characterized by well defined permanent dipole moments. In this type
of model, we assume that a charge ¢ may be in one of two states that are separated
be a distance d. These states are portrayed in Fig. 5.1. In this model, an electric field
acting on the dielectric causes movement of charge from the minimum of state 1 to the
minimum of state 2. This charge movement is equivalent to a 180° rotation of a dipole
of moment

L1
| 7]= 54d. (5.1)
The potential difference due to the applied electric field E is simply
Y1 — by = 25 E = qdE cos, (5.2)

where 6 is the angle between the direction of the electric field and the dipole moment.
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The interaction between individual dipoles within the dielectric may be neglected
by assuming that the total number N of bistable dipoles per unit volume is small. This
would correspond to levels of carbon-black loading in the polymer below the percolation
threshold. For dipoles we may also generally assume that § = 0 and that equal potential
energy exists for states 1 and 2 in the absence of an electric field. We can visualize this
microscopic assembly in which the bistable dipoles are in a heat reservoir which consists
of spontaneously active particles that exchange energy through thermal fluctuations
with each other and the dipoles. Therefore, the directions of the dipoles fluctuate.
Occasionally, thermal fluctuations allow a charge located in the minimum of state 1 to
acquire sufficient energy to go “over” the potential hill U and drop into the minimum of
state 2. In state 2, the energy of the charge is returned to the heat reservoir and stays
in state 2 until it acquires enough energy from the reservoir to return to state 1.

The probability that a charge may jump in a double potential well (state) has been
derived and is well known in classical statistical thermodynamics. Here, we can state
that the number of dipoles jumping per unit of time from state 1 to state 2 is given in
terms of the difference of potential energy between the two wells as:

Ulp = Aef(UipE)/kT, (5.3)

where k is Boltzmann’s constant (1.3807x1023 J/K). The constant A may or may
not depend on temperature. Generally, for ionic solids it does not, whereas for organic
polymers, A is inversely proportional to 7. The + signs within the exponential of eq
(5.3) dictate whether the minimum in state 2 is lower or higher than that of state 1.
Generally, U > kT.

For dipoles in normal dielectrics, p is of the order 1072° C-m, whereas E for fields
below breakdown strength is always less than 10° V/m. Therefore, in general,

pE

— 1. 5.4
TS (5:4)
Note that pFE/(kT') is dimensionless and that, as T" — oo, thermal fluctuations dominate
polarization, whereas when T' — 0, polarization (pF) dominates. Equation (5.3) may
be approximately written as

FE
U2 ~ U(]_ — Z]::—T), (55)
where
uw= Ae U/ (5.6)

is the frequency of jumps in the absence of an applied electric field. Similarly, the
frequency of jumps from state 2 to state 1 can be written in linear form as

pE
~u(l +-—). 5.7
u21 ~ u(l+ k:T) (5.7)
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Provided that the number of charges N; jumping from state 1 to state 2 per unit of
time is the same as that jumping from state 2 to state 1, N», the average population
of charges in the wells of states 1 and 2 will not change with time. In other words, at
equilibrium

N1U12 = N2U21. (58)

The total number of bistable dipoles is constant or
N1+ Ny = N. (59)

Equations (5.8) and (5.9) allow us to calculate N7 and N» in equilibrium. Since the
polarization per unit volume P is defined as that number of dipoles acting in one
direction which is not compensated by dipoles acting in the opposite direction, or

P =P; = (N1 — Na)p, (5.10)

we have a basis from statistical thermodynamics for determining the variation of polar-
ization with temperature when the dielectric is in equilibrium; that is, from eq (5.8),

pE pE
o E E
p p
N1 — Ny = (N7 + Ny)=— = N—. A1
Lo N2 = (N N2)p kT (5.11)
Hence eq (5.10) may be written as
2
p°E

P,=N——m. 5.12
’ ET (5.12)

We are now in a position to derive the frequency-dependent properties of the model.
We note that the change in number of dipoles in state 1 is equal to the outflow number
to state 2 less the inflow number from state 2; or

dNy

W == —N1u12 + N2U21. (513)

Since the total number of bistable dipoles is constant,

avi _ _dNy
dt dt ’
o d(N = Ny)  _dN
1 — 2 1
=2 5.14
dt dt’ ( )
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so that eq (5.13) becomes
Ny 1d(N = o)
dt 2 dt

_ _Nu(1_PE b

Equation (5.15) can be simplified to read

ld[Nl - NQ] pE

5 y7 = —u(Ny — N2) + u(Ny + Nz)ﬁ (5.16)
" [( )p] NN T
1d[(Ny — Na)p] P°E
5T a —u(N1 — N2)p +u =T (5.17)

We now have a differential equation for the dipolar polarization of a dielectric medium
as a function of temperature; that is

1 dP Np?E
& p_r=

Qu dt kT (5.18)

This equation is very similar to that for a dielectric medium that has a single relaxation
time [24]; in other words, eq (5.18) is a relaxation equation with a relaxation time

_ 1 _ 1 o
T= o= 54 , (5.19)
so that we may generalize eq (5.18) to
dP.
T—dtD + Pp =apk, (520)

where Pp is the dipolar polarization and «p is the dipolar polarizability of the dielectric
material. Using simple Fourier-transform methods we obtain the following expressions
for the complex permittivity €*(w,T) = € (w,T) — je"(w, T) = egel.(1 — tand):

D

(w,T) —exo(T) = 21
@ 1) — elT) = 70— (5.21)
or ap
e'(w,T) = eoo(T) + m, (522)
" apwT
and ApWT
tand(w,T) = D (5.24)

ap + €xo(T) (1 + w27r2)’
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where w = 27f, ey is the optical dielectric constant defined by the simple relation
€00 —1 =n?—1= Py /E, n is the refractive index of the material, and Py, is the optical
polarization. The dependence of conductivity on frequency is given by

o = wegen. (5.25)

Equations (5.21-5.25) describe dispersive dielectric behavior for a bistable dielectric
as a function of temperature and frequency. The temperature-dependent permittivity
and conductivity are given in terms of the dipolar polarizability, activation energy, and
high-frequency (optical) permittivity at temperature 7. The derivation is limited to
dielectric materials where interaction between individual dipoles can be neglected, and
for conditions where pE < kT (nonsuperconducting states).

5.2 Variable-Temperature Measurements on Carbon-Black
Conductive Polymers

Variable-temperature measurements of conductivity were performed with the shielded
open-circuited sample holder. The shielded open-circuited measurement system was
placed in an environmental chamber which operates from -150 °C to 350 °C. This
chamber has feed-through bulkhead adapters on the sides for passage of coaxial rf feeds
to the measurement system being used [25]. In addition, the chamber has purging ports
for injecting nitrogen gas, either to reduce water vapor or to reduce oxidation in the
chamber. The derived conductivity data obtained from these reflection measurements
are shown as an Arrhenius plot in Fig. 5.2.
In general, the conductivity o (S/m) for an Arrhenius process is

o = ooe U/FT, (5.26)

where oq is a reference conductivity. Equation (5.26) can be written as Ino — Inoy =
—U/(kT). We may suppress the reference value In o and simply plot In o versus 1/T to
determine the activation energy U, since In gy acts only to shift functional values of Ino
on the ordinate. An Arrhenius plot allows us to predict the conductivity temperature
dependence expected for the carbon black conductive polymer composite under the
influence of a time-varying electric field.

Plots of measured temperature-dependent conductivity can also allow us to evaluate
conductivity mechanisms associated with differing high- and low- temperature processes
in the composite. For example, two Arrhenius processes with different temperature-
dependent activation energies may be summed as
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Figure 5.2: Log conductivity versus 1000/ T for a carbon black-loaded silicone composite
with loading of 7 % by weight. Data shown are average log-conductivity values for the
frequency range 1 kHz-1 MHz.

37



the respective slopes of In(o/o1) or In(o/02) versus 1/T would yield the sum of the
two activation energies for the two processes associated with two differing conduction
mechanisms. Activation energies for high-temperature conduction processes are greater
than those for low-temperature processes. Knowledge of the conduction mechanisms
can, within practical limits, permit the engineering of conductivity of the composite, or
at least constrain the temperature variability of conductivity in the composite.

The data shown in Fig. 5.2 were taken over a limited temperature range; i.e., from
10 °C to 60 °C (283-333 K), which, in general, exhibit conductivity variations associated
with high-temperature processes. The temperature behavior of the conductivity for the
carbon black composite from 10-25 °C (283-298 K) is similar to that of an extrinsic, par-
tially compensated n-type semiconductor [27]. For an extrinsic n-type semiconductor,
the high-temperature process is associated with conductivity in the conduction band.
If measurements were taken at much lower temperatures, we would expect a second
Arrhenius conduction process having lower activation energy associated with nearest-
neighbor hopping of electrons from occupied to unoccupied sites. However, a very strong
reversal of this conductivity increase with increasing temperature is apparent at tem-
peratures greater than 40 °C (313 K). The carbon-black conductive polymer composite
has changed from one that has a negative temperature coefficient of resistance to one
that has a very large positive temperature coefficient (PTC) of resistance, or one which
exhibits a very large increase of resistance at temperatures above 40 °C. The large PTC
of carbon-black filled polymers above room temperature has been observed by Carmona
and Ravier [28].

This phenomenon can be explained physically in the following way. The 7 % by
weight carbon-black loaded polymer is close to the expected percolation threshold, as
predicted by the aggregate adaptation of the Bruggeman rule. As temperature is in-
creased above 40 °C', the thermal expansion of the composite itself induces changes in
the correlation lengths of the clustered carbon. In other words, the carbon particles
are likely disconnected, causing the composite to exhibit non-percolative behavior and
a very large PTC.

Materials having high PTC can be used in important applications such as self-
regulated heaters and electrical safety devices. For biologic phantom model applications,
temperatures should be kept below 40 °C in order to maintain required conductivity
values that simulate body tissues.
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Chapter 6

Summary

Carbon-black loaded silicone composites have been fabricated for use as semi-solid phan-
tom materials. The electrical properties of various carbon loadings have been measured
as a function of frequency (1000 Hz-1 MHz) and compared to reported electrical prop-
erties of various biological tissues. Unavoidable clustering of the carbon black in the
composite occurs, which leads to disordered suspension topologies in the resulting com-
posite. Clustering or aggregation of metal particles in a dielectric host affect the elec-
trical (both permittivity and conductivity) properties. These effects are generally not
taken into account in classical predictive mixing rules for dielectrics. In addition, such
cluster topologies lead to rapid, nonlinear increases of conductivity and permittivity
of the phantom material as volume fractions of the carbon loading are increased. The
conductor loading volume fraction, for which very rapid increases in permittivity and
conductivity of the composite occur, is usually at the percolation-threshold close-packing
limit = z. = 0.63 for random suspensions of spherical conductor particles. This is pre-
dicted by adapted Clausius-Mossotti and Maxwell-Garnett mixing rules that take into
account the effects of clustering in the well- stirred but disordered conductor-particle
suspensions.

The measured electrical properties of fabricated carbon-black loaded silicone com-
posites exhibit a threshold percolation at carbon loading fractions well below the close-
packing limit expected in well stirred samples; e.g., at & = x./3 = 0.21. This is predicted
by an adapted form of the classical Bruggeman rule reported here that takes into account
the cluster topology of the carbon black particles in the fabricated composites.

We have presented effective cluster models for two broad classes of permittivity and
conductivity enhancements observed in low-frequency measurements on monodisperse
suspensions of conductive spheres in a dielectric insulating host. The enhancements
are attributed to higher multipole interactions in the carbon particle clusters. These
multipole interactions also produce the particle aggregations. Non-percolating suspen-
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sions are treated as mixtures of isolated conductive (carbon) spheres and closed-packed
conductive aggregates of spheres using the Clausius-Mossotti formulation, whereas per-
colating suspensions are treated as mixtures of randomly intermingled conductive and
dielectric insulating regions using the symmetric Bruggeman formulation. In the cluster-
adapted Bruggeman formulation, the conductive regions are close-packed with clusters
of carbon spherical particles, while the dielectric regions contain only isolated spheres.

We observed that the only difference in conductivity and permittivity enhancement
between the predictive models is the cluster topology. Any chemically inert conduc-
tor and insulator can be used as inclusion particle and host. In well stirred samples,
the permittivity increases rapidly but smoothly with carbon loading up to the close-
packing limit; conductivity varies linearly up to the close-packing limit. The other type
of suspension is more difficult to prepare reproducibly because such suspensions exhibit
percolation and rapidly increasing conductivity and permittivity at volume fractions
well-below the close-packing limit. For biologic phantom materials, carbon-black con-
centrations should be below the expected percolation threshold. Fabrication methods
affecting the cluster topology of the incorporated carbon black that result in percolation
thresholds near the close-packing limit need to be explored. In addition, the relation of
percolation at thermodynamic equilibrium with differing annealing temperatures and
annealing times needs to be studied. The type of cluster topology and percolation
threshold behavior will be reflected in low-frequency electrical property measurements.

Conductivity measurements of carbon black-filled silicone polymer composites from
10 °C to 25 °C exhibit a temperature behavior similar to that of an extrinsic, partially
compensated n-type semiconductor. The measured conductivity-temperature depen-
dence can be related to the conduction-band density of states, as well as donor and
acceptor concentrations in the composite. The carrier density has a temperature de-
pendence for a compensated semiconductor different from that of the carrier mobility,
whose temperature dependence depends on the scattering mechanism. This complicates
the conversion of o vs. T' into carrier density vs. T" in predictive models of temperature
dependence. A large positive temperature coefficient with respect to resistance was
observed at temperatures greater than 40 °C for the 7 % carbon black-filled silicone
composite, consistent with non-percolative behavior at these temperatures. For phan-
tom biologic materials using carbon black-loaded composites, temperatures should be
kept below 40 °C to avoid unacceptable conductivity variations.
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Abstract

Conductive polymers loaded with carbon black are considered for use as semi-solid
biologic phantom materials. Adapted forms of Clausius-Mossoti, Maxwell-Garnett, and
Bruggeman predictive dielectric mixing rules are considered that take into account dis-
ordered cluster topologies of the conductive particles in a dielectric composite. The
disordered cluster suspensions can lead to rapid, nonlinear increases of permittivity and
conductivity at volume-loading fractions far below the close-packing limit, where the
percolation threshold would normally be approached in well- stirred metal-dielectric
composites.

The measured low-frequency electrical properties of fabricated carbon black-loaded
silicone composites exhibit a threshold percolation at carbon loading fractions of one-
third the close-packing limit. This conductivity and permittivity behavior is predicted
by an adapted form of the classical Bruggeman rule that takes into account the cluster
topology of the carbon black particles in the fabricated composites.

Conductivity measurements of carbon black-loaded silicone polymer composites from
10-25 °C exhibit a temperature behavior similar to that of an extrinsic, partially com-
pensated n-type semiconductor. The measured conductivity dependence with temper-
ature can be related to the conduction-band density of states, as well as donor and
acceptor concentrations in the composite. A large positive temperature coefficient with
respect to resistance was observed at temperatures greater than 40 °C for the 7 % by
weight carbon black-loaded silicone composite, which is consistent with non-percolative
behavior at these temperatures.

Key words: Carbon-loaded polymer; conductivity; dielectric; disordered suspensions;
effective medium; mixing rules; nano- composite; percolation; permittivity; phantom
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